For a quantum system undergoing a unitary process work is commonly defined based on the Two Projective Measurement (TPM) protocol which measures the energies of the system before and after the process. However, it is well known that projective measurements disregard quantum coherences of the system with respect to the energy basis, thus removing potential quantum signatures in the work distribution. Here we consider weak measurements of the system's energy difference and establish corrections to work averages arising from initial system coherences. We discuss two weak measurement protocols that couple the system to a detector, prepared and measured either in the momentum or the position eigenstates. Work averages are derived for when the system starts in the proper thermal state versus when the initial system state is a pure state with thermal diagonal elements and coherences characterised by a set of phases. We show that by controlling only the phase differences between the energy eigenstate contributions in the system's initial pure state, the average work done during the same unitary process can be controlled. By changing the phases alone one can toggle from regimes where the systems absorbs energy, i.e. a work cost, to the ones where it emits energy, i.e. work can be drawn. This suggests that the coherences are additional resources that can be used to manipulate or store energy in a quantum system.
I. INTRODUCTION
The concept of mechanical work is a cornerstone at the basis of classical physics. When a closed system is displaced by an external force, the force does work on the system and its energy changes. In this case, the work corresponds to the energy supplied to the system. Surprisingly, these ideas have not been discussed in the framework of quantum mechanics until a few years ago [1] [2] [3] [4] . The main reason for this lack is that work cannot be associated to a hermitian operator [5] -for a closed system, i.e., not in contact with a heat bath, work is equivalent to the change of the internal energy which is nonlocal in time. To by-pass this problem, the first proposals for the measurement of work at the quantum level were based on the Two Projective Measurement (TPM) protocol [1-4, 6, 7] . The energy of the system is projectively measured at the beginning and at the end of the evolution in order to extract information about the moments of the work done. However, due to the first projective measurement, the system collapses in an eigenstate of the initial Hamiltonian and the initial coherences between eigenstates of the initial Hamiltonian are destroyed. This changes the dynamics of the system and cancels, in Feynman's words, interfering alternatives [8, 9] .
The effect of the projective measurement on the work statistics has been underestimated because the problem of defining work at the quantum level has mostly been considered within the context of quantum thermodynamics and fluctuation theorems [1] [2] [3] [4] [5] [6] [7] [10] [11] [12] . Here the system is customarily assumed to start in a thermal state, with no coherences between the eigenstates of the initial Hamiltonian. In this situation, the first energy measurement has indeed no effect and the work distribution is well described as a statistical ensemble of iterative experiments.
Only recently there has been a growing awareness of the limitation of the projective measurement approach [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . * paolo.solinas@spin.cnr.it This interest is fuelled by the growing evidence that quantum effects and coherences are believed to be a fundamental quantum resource [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] ; they play an important role not only in quantum information (computation and cryptography) [31] but also in quantum biology [32] [33] [34] [35] [36] [37] [38] . Within the thermodynamics context it is natural to ask if the presence of quantum coherences modifies the quantum energy exchange.
A number of proposals have been put forward to characterize and measure the energy exchange at the quantum level [15, 16, 18, 20] . Here we show that the quantum work distribution generated when an external drive acts on a system, depends on, and can be controlled by, the initial coherences of the system. We discuss how these two quantities can be measured with two complementary protocols [20] . The first employs a quantum detector coupled to the system with varying coupling strengths, which allows one to measure the work characteristic function. The second protocol implements a more traditional pointer measurement scheme which determines directly the work distribution. To exemplify the peculiarities of the resulting work distributions we here focus on evaluating the average exponentiated work and the average work. The Jarzynski Equality (JE) [5, 10] for the average exponentiated work is a powerful tool since for initial thermal states it holds for any initial temperature and any drive when the TPM is used. The JE allows insight in regimes in which the system is driven out-of-equilibrium that are challenging to characterise otherwise. Here we use these features to study the effect of coherences on the energy exchange since any deviation from JE can be immediately traced back to the presence of initial coherences. We will also discuss how the average work, i.e. the first moment of the work distribution, is influenced by and can be controlled through quantum coherences.
We find that the two protocols give different work distributions, different deviations from the JE and values of the average work. Despite the quantitative differences in the two protocols, both of them clearly signal the effect of quantum coherences. In particular, the average work can be positive (the system absorbs energy from the drive) or negative (the system emits energy into the drive) confirming that the quantum coherences may be exploited as energetic resources.
II. SYSTEM AND DETECTOR DYNAMICS
A. Time-dependent system and detector Hamiltonian
We consider a closed quantum system, S, driven by an external, classical field, so that its dynamics is governed by the time-dependent HamiltonianĤ S (t) for times t ∈ [0, τ]. The system does not interact with any environment and cannot exchange heat. The work done on the system, W , by the external driving field is thus associated with the system's energy change.
To measure the system's energy change weakly the system will be coupled to a quantum detector, D, which we assume is a free particle with momentum operatorp D [16] . The coupling between the detector and the system is described by the interaction HamiltonianĤ SD (t) = α(t)p DĤS (t). Here the time-dependent α(t) is chosen so that the detector interacts only twice with the system -once at the start of the process at time t = 0 and once at the end of the process at time τ, i.e. α(t) = λ [δ (t) − δ (t − τ)] with λ the coupling strength. Assuming that the particle mass is so large that its kinetic energy can be neglected and settingh = 1, the total evolution operator for S and D iŝ
is the system evolution operator for the time-interval [0, τ], showing that the evolution of the system remains unperturbed [16, 20] . We will assume that the system and the detector are initially in a product state, ρ SD (0) = ρ S (0) ⊗ |φ D φ |, where ρ S (0) is the initial density matrix of the system and the detector is initially prepared in a pure state, |φ D . The system and detector dynamics is shown schematically in Fig. 1 .
One can see that when the unitaryV SD,λ (τ) acts on a momentum eigenstate |p D of the detector, the interaction HamiltonianĤ SD will cause a phase shift that is conditioned on the energetic state of the system at the beginning and end of the process. In contrast, when acting on a position eigenstate |x D of the detector,Ĥ SD will cause a displacement of the detector conditioned on the energetic state of the system. This observation motivates two complementary methods to extract the information about the work done.
B. Initial detector state and final readout
We now consider two measurement protocols that differ by their choice of initial detector state ρ D (0) = |φ D φ | [20] and the measurement of the final detector state,
Protocol 1 follows the Full Counting Statistics (FCS) approach [39] [40] [41] [42] . Here the detector is initially prepared in
System S and detector D are initially uncorrelated in a state ρ S (0) ⊗ |φ D φ |. The global unitary (1) couples them at time 0, and then evolves the system alone with the time-dependent Hamiltonian H S (t) while not affecting the detector. S and D are coupled again at time τ resulting in the final joint state ρ SD (τ). The measurement M D of the detector then reads out the work done on the system during its evolution between times 0 and τ. Here we discuss two variations of the initial detector state and its final measurement, Protocols 1 and 2, and find that work one associates with the system depends on this choice.
an arbitrary superposition of momentum eigenstates, |φ D = dp φ (p) |p D , described by a wavefunction φ (p) in momentum space. The final detector readout measures the relative phase between different momentum states |p D in the final detector state ρ D (τ). It has been shown that the phase difference accumulated between eigenstates of detector momentum |p/2 D and |−p/2 D is related to the characteristic function of the work, G λ , given by [16] 
This function contains information about all the work moments [15, 16, 43, 44] and it can be measured by standard tomographic techniques [12] . Note that measurement of the function G λ requires repeated experiments with varying coupling strength, or, alternatively letting the coupling act for varying times.
Indeed the full work probability distribution can be obtained as the Fourier transform of G λ , P(W ) = dλ exp {−iλW } G λ , and it reads [20] 
Here
i are matrix elements of system operators with respect to the system's time-dependent energy basis where |ε t i denotes the i-th eigenstate ofĤ S (t) and ε t i its corresponding eigenvalue at time t.
We refer to the diagonal contributions of the system's initial state ρ S (0) in the energy basis, i.e., i = k, as the classical contributions since they can be directly attributed to classical transitions between well-defined energetic values, ε τ j − ε 0 i . The contributions to the work probability distribution arising from off-diagonal matrix elements, i.e. i = k, are associated with classically forbidden energy exchanges of half of the energy gaps, see Eq. (3). When these off-diagonals are non-zero the work distribution P(W ) is not positive-definite and represents a quasi-probability distribution [16, 21, 22, 30, 45, 46] . This follows from the fact that the diagonal i = k terms in Eq. (3) sum to unity whilst P(W ) always remains normalised. Despite their counterintuitive interpretation quasi-probabilities, such as e.g. the Wigner function, are not new in quantum mechanics and are usually manifestation of pure quantum features of the system [47] . In the present case, the negativity of P(W ) can be related to the violation of the Leggett-Garg inequality and it is considered a signature of the quantumness of the closed quantum process [16, 41, 42, 48] .
In Protocol 2 the detector is initially prepared in a Gaussian state that approximates the position eigenstate |x 0 D
The variance σ 2 gives the uncertainty of the initial state and limits the precision of the final measurement. It is also related to the perturbation induced in the system because of the interaction with the detector allowing us to pass from strong (precise) measurement for σ → 0, to weak (imprecise) measurement for σ → ∞ [18] . The measurement after the evolution reads out the detector's position, i.e. ρ D (τ) is measured in the position basis {|x D }. The observed position shift can then be related to the work done on the system as x − x 0 = −λ W [15, 18, 20] . Assuming the detector is initially centered at x 0 = 0 the probability for the detector to be shifted to position x reads
where ε jk = ε τ j − ε 0 k . We note that in Protocol 2 the work distribution P σ (x) is always positive since it is defined as D x|ρ D (τ)|x D [20] . Quantum features, such as signatures of initial coherences and interferences, arise when one is unable to distinguish evolutions related to different position shifts (i.e. work values) [18, 20] . As will be illustrated for an example in Section IV this occurs when there is substantial overlap betweenφ σ (x + λ ε ji ) andφ σ (x + λ ε ji ) for final positions x and x .
C. Initial system state
We are interested in the effect of the system's initial quantum coherences on the work averages for the two protocols. For simplicity we will here assume an initial system state that differs from the standard thermal equilibrium state ρ eq S = e −βĤ S (0) /Z, with partition function Z = Tr[e −βĤ S (0) ], by having non-zero initial coherences between eigenstates of H S (0) [17, 28] . I.e. here we choose the initial system states to be pure, ρ S (0) = |Ψ Ψ|, with
where ϕ k are arbitrary phases. The probability of the k-th energy state to occur is Boltzmann distributed, i.e. 
. Therefore, the pure initial state |Ψ is energetically indistinguishable from the initial equilibrium state, but it has additional resources related to the presence of coherences [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] 49] . To identify the effect of the initial coherences on the work averages we will also evaluate these averages in the standard thermal equilibrium state ρ eq S .
III. JARZYNSKI EQUALITY AND AVERAGE WORK
The two work distributions (3) and (5) obtained above, by coupling a detector to the system with different initial states and performing different measurements, now allow the calculation of any expectation value of the work done on the system. For simplicity we will assume a periodic drive, i.e.,Ĥ S (τ) =Ĥ S (0), and denote the energy eigenvalues and eigenstates without the time-superscript as ε i and |ε i , respectively. Extensions to non-periodic Hamiltonian dynamics follow straightforwardly. We will here focus on evaluating the exponentiated work averages, e −βW = dW e −βW P(W ), that will enable us to compare with extensive literature on the quantum Jarzynski equality [1] [2] [3] [4] , as well as the average work, W = dW W P(W ), which is bounded by the second law in equilibrium thermodynamics.
In the TPM scheme the average exponentiated work for a system that starts initially in a thermalised state, ρ eq S , gives the Jarzynski equality e −βW = 1, which is satisfied for any initial inverse temperature β and any drive [1, [4] [5] [6] [7] . We note that in the TPM scheme the coherences in |Ψ would be removed in the first measurement and thus all work averages for processes starting in |Ψ are identical to those obtained when starting with the thermal state ρ eq S .
A. Protocol 1: Measuring energy change by phase difference.
For Protocol 1 the average exponentiated work for a periodic drive on a system initially in state |Ψ is obtained with P(W ) from Eq. (3), and can be expressed as
If the initial state was the thermal state ρ eq S instead, then the absence of off-diagonal terms in ρ eq S corresponds to summing only over k = i and j in the sum above, which recovers the JE, e −βW = 1. For the pure initial state |Ψ , defining |ε i = e iϕ iV S (τ) |ε i and separating in Eq. (7) the diagonal terms, ∑ k ε k | ρ eq S |ε k = Tr[ρ eq S ] = 1, from the off-diagonal terms one obtains
One can see immediately that in addition to the unit term for an initial thermal state, a term appears that is linked to the off-diagonals of the pure state |Ψ with respect to the initial HamiltonianĤ S (0). This term is expressed as the sum of the off-diagonals of the canonical state ρ eq S but with respect to the basis {|ε i }, and while the term is real it can be positive or negative.
Various coherence measures have been proposed by Baumgratz et al. [23] . These measures quantify the amount of coherence in a state ρ that is available as a resource with respect to some fixed basis. For example, one such measure is the l 1 − norm of coherence, defined as
where ρ k,i denote the off-diagonal terms of state ρ with respect to the coherence basis {|k }. Turning to Eq. (8) and denoting the coherence basis as the evolved energy eigenstates {|k } ≡ {|ε k }, we see that the deviation from the standard Jarzynski equality is bounded by the l 1 − norm
where we have used the triangle inequality.
An important consequence of the Jarzynski equality is that it gives a lower bound on the average work done on the system. By using Jensen's inequality, the standard JE for an initial thermal state ρ eq S implies that the average work done on the system is bounded by the free energy difference, W ≥ ∆F with ∆F = 0 for a periodic drive. Unfortunately, the Jensen inequality cannot be used for Eq. (7) because P(W ) in Eq. (3) is a quasi-probability and this breaks the convexity property necessary for the Jensen's inequality to be applicable.
Nevertheless, direct calculation of the average work using P(W ) from Eq. (3), gives
The first line represents the classical contribution obtained in absence of initial coherences and it can be shown that it is always positive. This is what one would expect if no initial coherences are present. The terms on the second line are quantum contributions that arise from initial coherences. Interestingly, in the limit β → ∞, i.e. T → 0, these off-diagonal contributions vanish while they are important at all non-zero temperatures.
The effect of the initial quantum coherence on the average work can be seen from Eq. (11). Once one fixes the dynamicsV S (τ) and the inverse temperature β it still depends on the phase differences ϕ k − ϕ i . This means that one can modify the average value of the work just by changing the initial state coherences while not affecting the state populations. The example in Section IV illustrates that W can also change sign implying that by controlling the quantum coherences one can extract work from the system instead of exciting it at a work cost.
B. Protocol 2: Measuring energy change by position difference.
For Protocol 2 the average exponentiated work for a periodic drive is obtained with P σ (x) from Eq. (5), using x = −λW . For the initial system state |Ψ it can be expressed as
One can see that for i = k the two Gaussian packetsφ σ overlap as long as |λ ε jk − λ ε ji | = |λ ε ik | ≤ σ . Phase dependent terms then contribute to the average exponentiated work. Separating again the diagonal and the off-diagonal terms we obtain (see Appendix A)
where ε ik = ε i − ε k and the term e 
If the system instead started in the thermal state ρ eq S the second term in Eq. (13) vanishes and the average exponentiated work is just given by e β 2 σ 2 2λ 2 . For either pure or thermal initial system state the dependence of the exponentiated work on the uncertainty in the initial detector position, quantified by σ , is contained in the prefactor which diverges exponentially with σ , as was observed in Ref. [18] . Physically this is related to the weakness of the measurement performed, which perturbs the system less than the projective measurement, but at the same time increases the uncertainty of the measurement outcome. Thus the weaker the measurement, i.e. the larger σ , the larger the second and higher moments of work. Since the average exponentiated work includes information about all moments it hence diverges for infinitesimally weak measurement (σ → ∞) where the detector can be in any position [18] .
In the limit that the detector's initial state was a perfect position eigenstate, i.e. σ → 0, the first term in (13) approaches 1 exponentially, as expected. The second term shows dependence on the system's initial state coherences, given by nonzero ϕ ik and ε ik , as well as dependence on coherences that the unitary evolutionV S produces when acting on the diagonal of |Ψ Ψ|, which is given by ρ eq S . The second term in (13) makes the most interesting contribution when the sharpness of the initial detector state is of the same order as the energy difference between two energy eigenvalues of the system, i.e. when σ ≈ |λ ε jk |. From a physical point of view this corresponds to the situation in which one cannot distinguish between the position measurement outcomes because the detector uncertainty is so large and interference effects appear [8, 20] . In this situation the initial system coherences will, for moderately small temperatures, make the average e −βW deviate significantly from the thermal state value of e β 2 σ 2 2λ 2 as a function of initial state phases, see Fig. 3b ) for an example. As soon as σ ε ik theφ σ functions in the integral have no overlap (since the system has no degenerate states), the initial coherences have no effect, the second term vanishes and one recovers the thermal state result.
The average work done on the system as measured with Protocol 2 can be expressed as
where σ S = dp |φ σ (p)| 2V S (τ) e −iλ pĤ S ρ S (0) e iλ pĤ SV † S (τ) is the time-evolved state of the system, weighted by the initial momentum distribution of the detector. The weighting involves φ σ (p), which is the Fourier transform ofφ σ (x), and depends on the precision of the initial detector state σ . When the initial system state is ρ eq S the coupling to the detector commutes with the state and the average work simplifies to
, as expected. In contrast for the initial pure state the average work becomes (see Appendix B) (16) which depends on the initial system phases through |ε i = e iϕ iV S (τ) |ε i .
IV. EXAMPLE: DRIVEN QUBIT
To visualise the work associated with coherences we here consider the example of a periodically driven two level system with initial and final HamiltonianĤ S = −(∆/2) σ z where σ i (i = x, y, z) are the Pauli matrices and ∆ = ε 1 − ε 0 is the energy gap. The time-dependence of the HamiltonianĤ S (t) for t ∈ [0, τ] will induce a unitary transformation on the system. Any such unitary can be expressed aŝ
where n = {n x , n y , n z } is a normalized vector. The details of the time-evolution will determine the specific vector n as well as the phase δ . The initial system state, Eq. (6), for a qubit is
where |0 and |1 are the eigenstates of σ z with eigenvalues −1 and +1 respectively. The phases have here been chosen as ϕ 0 = 0 and ϕ 1 = ϕ, without loss of generality. The partition function is Z = e +β ∆/2 + e −β ∆/2 . 11), for system evolutions starting from initial superposition states |Ψ deviates from the work for the initial thermal state for small β ∆. All curves converge at β → ∞, i.e. in the low temperature limit.
A. Exponentiated work and average work for Protocol 1.
The average exponentiated work, Eq. (8), and the average work, Eq. (11), resulting when the work distribution is measured according to Protocol 1 are shown in Fig. 2 as functions of the inverse temperature β . The plots show the exponentiated work/work when the system started in the coherent initial states |Ψ with various phases ϕ and, for comparison, when the initial system state was the thermal state, ρ eq S . In Fig. 2 a) deviations of the average exponentiated work from the standard JE value of 1 can be clearly seen for initial states |Ψ with β > 0, i.e. for any finite temperature T → ∞. Fig. 2 b) shows the average work done on the qubit for initial states |Ψ with various phases ϕ. For small β the initial state coherences do not only "correct" the work value but significantly alter it. By controlling the initial phase of |Ψ one can change W and even induce an energy emission by the system, i.e. W < 0. For example, the yellow-dashed curve for |Ψ with ϕ = 4 has a negative average work for small β . Thus work is extracted from the qubit here in stark contrast to the thermal initial state where work is always done on the qubit, indicating that quantum coherences can be used as an energetic resource. For large β , i.e. low temperatures, W converges to a value independent of the phase ϕ, but dependent on the parameters of the unitary Eq. (17) . The independence from the phase is clear because at low temperatures the initial superposition state converges to the ground state, |Ψ → |0 0|, just like the thermal state ρ eq S → |0 0|. In this case, there is only one transition and energy exchange that can occur and the average work becomes this value.
Maybe surprisingly, the convergence is reversed for e −βW . This is because when taking the average of e −βW the exponential suppression is eliminated; indeed that is why e −βW eq = 1 for any temperature for ρ eq S . However, the coherence effects remain and thus significant corrections to the JE arise from initial state coherences at all finite temperatures.
B. Exponentiated work and average work for Protocol 2.
The average exponentiated work, Eq. (13), and the average work, Eq. (16), resulting when the work distribution is measured according to Protocol 2 are shown in Fig. 3a) and b) as functions of β ∆. The position uncertainty in the initial detector state |φ D is here chosen comparable to the energy gap, σ = λ ∆. One can see that the average exponentiated work e −βW diverges exponentially with β for σ = 0 as discussed in [18] even when the system starts initially in the thermal state, ρ eq S . For small β , i.e. large temperatures, the average exponentiated work for the dynamics starting from an initial superposition state |Ψ converges to the thermal state value for any initial phase value ϕ. However, when β is increased, the impact of the coherences are clear: by changing the phase ϕ of the pure state |Ψ the expectation value e −βW can be tuned to be larger or smaller than the corresponding expectation value calculated with an initial thermal state, ρ eq S . Fig. 3 b) shows that when the initial detector position uncertainty is σ = λ ∆ the average work W done on the system in the unitary protocol increases with β ∆ for thermal initial state as well as for superposition states with any phase ϕ. When β is small, the initial state coherences have an important effect: tuning the initial phase ϕ drastically changes the average work done on the system, making it either positive or negative. Thus for some the initial states |Ψ work can be extracted from the qubit into the drive while for the thermal state the average work is positive for all β ∆.
In contrast, if the position uncertainty in the detector's initial state is small, i.e. σ = 0.1 λ ∆, then the initial coherences have no effect on either e −βW or W and the curves in Fig. 3  a) and b) for various ϕ collapse towards the curves for the thermal state ρ eq S . Fig. 3 c) shows the difference between the average work evaluated for initial pure state, W , and initial thermal state, W eq , as a function of σ /λ ∆. As expected, for small σ the difference of the average works vanishes around σ = 0.2λ ∆. This is the limit in which the Gaussian functionsφ σ (x + λ ε ji ) andφ * σ (x + λ ε jk ) in (5) is characterized by n = {0.83, 0, 0.55} and δ = 1. Curves shown correspond to the initial state being |Ψ with phases ϕ = 0 (yellow dashed), ϕ = 1 (green dotted) and ϕ = 4 (red dot-dashed), and for thermal initial state ρ eq S (solid blue). a) The average exponentiated work for initial state |Ψ and thermal state ρ eq S converges to the JE value of 1 at small β ∆, indicated by the flat black line. However differences due to initial coherences of the qubit state become pronounced for increasing β ∆. b) The average work when the initial state is |Ψ shows clear dependence on the phase ϕ and differs from the thermal state curve over the whole range of β ∆. c) Shown is the difference between the average work done on the system evaluated for initial pure state, W , and initial thermal state, W eq , as a function of σ /λ ∆. Here ϕ = 0 is chosen for the pure initial state, and β = 1/∆ for both initial state choices.
one can distinguish the "work events", i.e. excitation or relaxation. As a result the initial system coherences have no effect. When increasing σ the correction arising due to the initial coherence is clearly visible (Fig. 3 c) ). For sigma much larger than λ ∆ the work difference converges quickly to a constant value. This is because for large σ , energetic transitions cannot be distinguished and the "work events" contributing to W are completely mixed. Increasing the uncertainty σ further does not change this and thus the difference between W and W eq plateaus. (This would be different for a multistate/multi-transition system).
V. CONCLUSIONS
We have discussed the importance of the initial coherences in the work performed on a quantum system driven by an external classical field. In the common TPM protocol [1-4, 6, 7] , these coherences are destroyed due to the initial measurement. As a consequence, the system loses much of its quantum features and the work distribution is essentially a classical stochastic one. To preserve the quantum effects, we exploit two alternative measurement protocols that keep track of the quantum features of the system and the dynamics. These protocols [20] are based on weak measurements so that, by changing the implementation procedure, we can control the perturbation induced in the quantum system by the interaction with the detector.
To quantify the effects of the coherences on the work distribution we calculated e −βW for an initially thermalized system and a system with the same average state populations but with coherences between the eigenstates of the initial Hamiltonian. These two initial states are energetically indistinguishable, i.e., they have the same diagonal distribution in the Hamiltonian basis, so they allow for an immediate identification of the effect of the coherences. The comparison is done taking into account different protocols that can be used to measure the work distributions [16, 20] . While for an initial thermal state we obtain e −βW = 1, the presence of initial coherences leads to a violation of JE. The degree of violation can be controlled by changing the phase difference between the eigenstates of the initial Hamiltonian that now becomes an experimentally controllable parameter.
In a similar way, the average work performed on the quantum system depends on the initial coherences. Again, we find that, by changing the initial phase difference between energy eigenstates, we can change the work done on the system. Interestingly, while for periodic drive, the standard initial thermal state will always result in positive work, i.e. the system absorb energy, the presence of initial coherences allows for negative minimal work, i.e. the system emits energy. We note that this does not conflict with the standard second law of thermodynamics, as the initial state (6) is not a true thermal equilibrium state.
The two protocols discussed allow us to extract information about the work statistics of the system; but they are conceptually different. In Protocol 1, the physical observable is the accumulated phase in the detector while in Protocol 2 we measure the detector shift in position. These methods resemble the Full Counting statistics approach [39] and the more traditional weak measurement approach [50] , respectively. The differences between them are exemplifies by the fact that we obtain a quasi-probability distribution for the former and a probability distribution for the work for the latter measurement protocol. In hind view this should not be so surprising. Since the quantum work is not a standard quantum observable [5, 16, 18, 20] , i.e. it is not associable to a hermitian operator, we must specify the details of how we perform its measurement. Different measurement procedures perturb the system in different ways and lead to different measurement outcomes. This implies that one must choose the work measurement and distribution associated with it that suits the task one wants to characterise.
It is interesting to contrast the work statistics of the two weak measurement protocols with the work statistics arising in the strong TPM protocol. In Protocol 1, independently of the strength of the system-detector coupling, one always obtains a quasi-probability distribution; thus the quantum effects are always present. However, in Protocol 2 one observes convergence to the TPM averages when the measurement uncertainty σ is small thus forcing the quantum system to behave classically. Only when the measurement uncertainty σ is large, and one cannot distinguish different energetic transitions, the underlying quantum features of the system are exposed. The work distribution and work averages then deviate from the classical TPM results (as shown in Fig. 3c ). The two protocols discussed can be implemented experimentally, for example, using Nuclear Magnetic Resonance (NMR) where the system is a spin within a molecule and an auxiliary spin in the same molecule can play the role of the detector [12] , or using circuit quantum electrodynamics as discussed in [20] where the detector is a bosonic mode.
Coherence is a central feature of quantum mechanics and a key ingredient for quantum technologies, such as quantum cryptography. Our results lead to the conclusion that coherences can be used as an energetic resource: the system's capability to store or emit energy can be modified by simply changing the initial phases of the system. This aspect has been underestimated for a long time. Implications go beyond mere academic interest; but whether the coherence-dependent energetics of the system can be used for quantum technologies remains an open question.
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